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ABSTRACT 

The purpose of this note is to prove that a Dedekind domain R which 
contains a field k, and which is a subring of k[Xl,...,Xn] is a ring of polyno- 
mials. This generalizes similar results of A. Evyatar and A. Zaks on principal 
ideal domains, and of P. M. Cohn for the case n = 1. Our methods and proofs 
differ from those introduced previously. 

Let  k be a field o f  character is t ic  p .  Let  R be a k -suba lgebra  o f  k[x l , . . . , x , ]  . 

Let  K be the  field o f  quot ients  o f  R .  Let  Kru l l -d im  R -- 1. 

A n  e lement  r in R is i r reducible  i f  whenever  there exist  e lements  s and  t in R 

such tha t  r = st then ei ther  s is invert ible,  o r  else t is invert ible .  

A n  e lement  r in R is p r ime  i f  the  ideal  Rr is a p r ime  ideal .  

W e  shal l  p rov ide  proofs  on ly  for  the  case p # 0 .  The  proofs  for  the case p = 0 

are essential ly the  same as those  for  the case p # 0 ,  except  tha t  some par ts  o f  

the  proofs  become superfluous,  since k is then necessar i ly  an infinite field, and  

every extension o f  k is a separab le  extension.  

LEMMA 1. t r .deg K/k  = 1. 

PROOF. Let  n be the  smallest  poss ible  integer  for  which R is i somorph ic  to a 

k-suba lgebra  o f  F [ x l , - . - , x , ] ,  where F is a finite a lgebra ic  extension** o f  k .  I f  

n = 1 we are done.  So let  n > 1. We shal l  derive a con t rad ic t ion  as fo l lows:  

Evalua t ing  x ,  = a for  some a in an a lgebraic  extension o f  F induces  a h o m o -  

m o r p h i s m  fa f rom R into  the  d o m a i n  F(a) [ x l , . " . , x , _ l ] .  As K r u l l - d i m R  = 1 
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either kerfa = 0 or else ker fa is a maximal ideal in R ,  say Ma, in which case 

R/Ma is a field between F and F(a). By the minimality hypothesis on n,  we 

necessarily have kerfa  ¢ 0. Since n > 1, and since n is minimal, then there exists 

an element r in R that is not an element of  F[x,].  So let 

i l  " in  i l  r E bi,...i..xl.'" x',~ E ( Z  "" ~"-~ = = bi , . . . i .x .  )xx x . _  1 ) .  

Then there exists integers J l , ' " , J , - t  so that b(x,) = Z bjl...i,.l~ x . is not iden- 

tically zero. 

In particular, there exists an element a in an algebraic extension* of  F so that 

b(a) ~ 0 and this is a contradiction, since for this a, RIM a is a field between 

F and F(a), but L(r)(s F(a). 

This contradiction implies that n = 1, and since F is an algebraic extension 

of  k, then tr.degK/k = 1. 

Since in the infinite case we may take F = k we have: 

LEMMA 2. I f  k is an infinite field then R is a k-subalgebra of k[x].  

By Igusa 's  generalization of  Ltiroth's theorem we have: 

COROLLARY 3. K is a field of rational functions in one variable over k.  

We proceed first with the case o f k  being an infinitefield. As by Lemma 2 R c k[x], 

our next object is to have a criterion on a subring R of  k[x] that  suffices to imply 

that  R is a ring of polynomials (see also [2]). 

PROPOSITION 4. Let k be any field, let R be a ring, k ~ R ~ k[x],  with 
quotient field K .  I f  K ~ k[x] = R,  then R is a ring of polynomials. 

PROOF. The condition K n k[x] = R states that  i f  u = sv in k[x],  while 

u, v e R ,  then s E R .  Let II w II denote the degree of  w, for every w in k[x].  Let 

u(x) be an element in R of smallest possible positive degree, say [] u(x)I[ = m.  

Let z be a variable over k(x), and assume that u(z) - u(x) decomposes in K[z] ,  

say u ( z ) -  u(x) = pl(x,z)p2(x, z). As the highest term coefficient on the left 

hand side is an element of  k ,  we may assume that  such are the highest term 

coefficients in pl(x, z) and in p2(x, z). We consider now the last decomposition 

in k(x)[z] .  I t  follows that  pl(x, z), p2(x, z)~ k[x, z]. In particular, the coeffi- 

cients of  pl(x, z) and p2(x, z) lie all in K n k[x],  thus in R .  Let ( i j , jO and 

(i2,j2) be the grade of  px(x, z) and pz(x, z) in the lexicographical order (taking 

x first). Then the grade of  pl(x, z) .  pz(x, z) is (is + i2, Jl  + J2). But the grade of  

* If k is an infinite field this element may be chosen from k. 
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Pl(X, z)p2(x, z) = u ( z ) -  u(x) is exactly (m, 0). Thus by the minimality of  m ,  

we have to say il = 0, i2 = m and Jl  = J2 = 0. Therefore, the grade of  pl(x, z) 

is (0,0),  whence pl(x, z) ~ k ,  and therefore u(z) - u(x) is indecomposable over K .  

In particular [k(x): K]  = m.  As [k(x): k(u)] = m it follows that K = k(u). 

Since k[u] ~ R and R ~ k(u), R is a localization of  k(u]. As R ~ k[x],  the 

invertible elements of  R are the (non-zero) elements of  k thus R = k[u]. 

We are now ready for the main theorem, under the restriction of  k being an 

infinite field. 

THEOREM 5. Ilk is an infinite field, and if R is a Dedekind domain, then R 

is a ring of polynomials. 

PROOF. By Lemma 2 we may assume that  R ~ k[x].  

Set S = K ~ k[x],  then S is an overring of  R within K ,  whence S is a Dede- 

kind domain. By Proposition 4 S = k[v] for some v in S.  Therefore, R c k[v] 

and K = k(v). In particular v = r/s for some r and s in R.  Since s E k[v] and 

r ~ R ,  vs = r yields an integral equation for v over R ,  hence v e R and thus 

R = k [ v ] .  

The next lemma is obvious in case k is an infinite field in view of  Theorem 5, 

but it is needed in order to complete the study of  the case of  k being a finite 

field. 

LEMMA 6. Let y be a variable over k (x l , . . . , x , )  , then k(y)R is a ring of 

polynomials in one variable over k(y),  whenever R is a Dedekind domain. 

PROOF. By Lemma 1, tr .degK/k = 1, whence t r .degK(y) /k (y )=  1, and 

K(y) is the field of  quotients of  k(y)R.  Since k(y) is an infinite field, and since 

k(y) c k(y) R ~ k(y) [x 1,..., x,], it suffices to prove that k(y)R is a Dedekind domain. 

Since tr.degK(y)/k(y) = 1, it suffices to show that  k(y)R is a Krull  domain 

(e.g. [3]). However, k(y)R is the localization of  k[y]R at the multiplicative set 

k[y] -O.  Since R is :a Krull  domain such are k[y]R and its localization k(y)R,  

and this completes the proof. 

F rom Theorem 5 and Lemma 6 we deduce (see also [3]): 

COROLLARY 7. I f  R is a principal ideal domain then R is a ring of polynomials. 

PROOF. By Lemma 6 k(y)R is a ring of polynomials over k(y),  say 

k(y)R = k(y)[u].  Without loss of  generality we may assume that  u ~ k[y]R,  
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and that  no polynomial in y is a factor of  u (in k(y, xl ,  " ' ,  xn]). Furthermore,  

since for some integer i, x~ properly appear in u,  we may also assume that  

u(xl, . . . ,xn,  O)Ck. Then for every element r in R there exist polynomials 

P(Y), Po(Y),'",Pm(Y) in k[y] so that  p(y)r = Po(Y) + " "  + Pm(Y) um. Let p(y) 

be of  the smallest possible degree. Since u(xt , . . . ,  Xn, 0) ~ k it follows that  if  

p(0) = 0 then po(0) . . . . .  pro(0) = 0,  because u(xl , . . . ,  xn, 0) is a transcendental 

element over k. Thus, if p(0) = 0 a contradiction to the minimality of  p(y) results. 

Consequently, p(0) ~ 0 and r = p(0)- lpo(0 ) + - . .  + p(O)-lpm(O)um(xi, ..., x,,O). 

Since u(xl,  ...,xn, O)~R it follows that  R = k[u(xt , . . . ,xn,  O)]. 

THEOREM 8. I f  R is a Dedekind domain, then R is a ring of polynomials 

o v e r  ]¢. 

PROOF. By Lemma 6 we have k(y)R = k(y)['u] for some variable y over 

k(xl,  . . . ,x ,) .  Let r be any irreducible element in R ,  then we claim that  r is a 

prime element in k(y)R. As k(y)R is a principal ideal domain, if  r is not  a prime 

element in k(y)R,  then r = vl • v2, v~ e k(y)R for i = 1, 2. As y is a variable over 

k(xl , . . . ,  xn), and as R c k[xl,  ..., x ,] ,  we may assume that  vl and v2 are elements 

in k[y, xt ,  ..., xn]. As y does not  appear in r,  it cannot appear in v~ nor  in v2, 

whence vl and v2 are elements of  k[xl , . . . ,xn] .  Thus necessarily vl and v2 are 

elements of  R .  This is impossible, as r was chosen to be irreducible, unless v~ 

(or v2) is invertible in R .  Hence r is a prime element in k(y)R. From the unique 

factorization property of  k[y, xl ,  "", x,] it easily follows that  k(y)Rr c3 R = Rr. 

In particular this implies that  r is a prime element in R .  Because let a and b be 

elements in R so that  ab~Rr (c  k(y)Rr), then a (or b) belongs to k ( y ) R r n  R = Rr .  

Since R is a Dedekind domain, and since irreducible elements are prime, R is 

a principal ideal domain. From Corollary 7 it now follows that  R is a ring of  

polynomials over k. 

Observe that  in the proof  we used only that R is an integrally closed domain 

of  Krull  dimension one. However, such a ring is necessarily Noetherian in view 

of  Lemma 1 and [1]: 

LEMMA 9. A k-subalgebra R of k[x l , . . . , x , ]  is Noetherian whenever 

tr .deg. K/k  = t .  

PROOF. Let r e R be an element of  R ,  transcendental over k,  and let K* be 

the field of  quotients of  k [ r ] .  Let S = K* r3 R and let T be a finitely generated 

extension of  S such that  K is the field of  quotients of  T, which is possible in this 
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case. Consequent ly  R is an overr ing o f  T. The  Krul l -d imension o f  all the rings 

involved is one [3],  and T is a finitely generated extension o f  S .  The  result  now 

follows by applying [1] to the extensions S ( o f k [ r ] ) ,  and  R (o f  T ) .  

In  part icular ,  in the case o f  n = 1, integral  closure for  R is the sole condit ion 

required (see [2]). 

R e m a r k  tha t  the same line o f  a rgument  yields: 

LEMMA 10. A k-algebra R is Noetherian whenever t r .degK/k  = 1 and K 

is a f initely generated f ield over k .  
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